DEGREE 1 CURVES IN THE DWORK PENCIL AND THE 

MIRROR QUINTIC 
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Abstract. We give a description of the relative Hilbert scheme of lines 
in the Dwork pencil of quintic threefolds. We describe the correspond- 
ing relative Hilbert scheme associated to the mirror family of quintic 
threefolds. 



Introduction 

0.1. The relative Hilbert scheme of lines in the Dwork family of 
quintics. This paper takes a look at a very well known family of Calabi- 
Yau threefolds: the family p : X ^ C whose fiber Xt over t € C is given in 
by the equation {Ft = 0), where 

Ft{zo : Zi : Z2 ■■ Z3 ■ ZA,) = Z^ + z\ + Z2 + zl + z\ - 5tZo-Zl^2-Z3-24- 

This family is known as the Dwork pencil of quintics. 
We will study the relative Hilbert Scheme of lines in the family X. Let 
TT : 7i ^ C denote this relative scheme. We show that the structure of 7i is 

375 

n = Sij[JZi 

i=l 

where <S is a smooth irreducible surface, proper over C and for each i, 
TT^Zi : — > C is an isomorphism. 

The general fiber of ir^^ : 5 — > C is a smooth proper curve consisting of 
two isomorphic components, each of genus 626. 

The Stein factorization of ir^^ is 



where (3 extends to a double cover (3 : C2 —> C = F branched at six points: 
t = and the fifth roots of 

Let G(2, 5) denote the blow-up of the Grassmannian G{2, 5) of lines in P^, 
along the subvarieties parametrizing lines inside the coordinate hyperplanes 
of P"^. The closure <S of 5 in G{2, 5) x PMs a smooth projective surface 
admitting a 30-1 finite morphism to the Fermat surface 

z^ + zf + z^ + zl = 
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in 

The fiber 5oo is the stable limit of the family 5 at t = oo and consists of 
two connected components and , which are isomorphic and reducible: 

i=0 

with smooth isomorphic curves of genus 76, intersecting pairwise trans- 
versely at 25 points - a total of 500 points. 

The "mirror" Hilbert scheme. The group 

G = {{fio : m : fi2 ■■ fJ-s ■■ ^-il/lA = : /X : /X : /i : = 1} 

acting on also acts equivariantly on S, C2 and C. The action on C is 
via fi = nj=o/^j- Putting parameter w = on C/G we have the Stein 
factorization 

(S/G) {G2/G) (C/G) 

of where P/G extends to a double cover of branched at and ^ . 

The general fiber of 1^2! G is a smooth hyperelliptic irreducible curve of 
genus 6. 

The compactification S/G oi S/G is a smooth, irreducible, rational sur- 
face. 

The stable limit at t/; = 00 of the family 5/(5 is 
S^/G=(C^ /G) 

where /G is the union of 5 smooth rational curves intersecting pairwise 
transversely. 

0.2. History of problem. For positive integers m and n, the Fermat 
Variety is the hypersurface in P" given by equation 

The Fermat varieties have long been subject to the attention of mathemati- 
cians: the Fermat curves have been intensely studied by number theorists 
while the Fermat hypersurfaces in general offered interesting examples in 
Hodge theory. 

The Dwork pencil is known today mostly for its quotient by the action 
of the group G defined in part (0.1), which after desingularization gives the 
mirror to the family of quintic threefolds. Mirror symmetry arose in 1991, 
when Candelas, de la Ossa, Green and Parkes used that principle to predict 
invariants very closely related to the expected numbers of rational curves 
of any degree on a quintic threefold. In the same year, A.Albano and S. 
Katz gave a first description of the Hilbert scheme of lines on the Fermat 
quintic threefold Xq (see |AK1) ). They proved that all the lines in Xq are 



DEGREE 1 CURVES IN THE DWORK PENCIL AND THE MIRROR QUINTIC 3 

actually contained in 50 cones over some plane quintics. They also studied 
the deformation theory of these lines for general deformations of Xq. 

Then they initiated the study of the relative Hilbert scheme of the Dwork 
pencil of quintics (see |AK2j ). Their work built on B. van Geemen's discovery 
of a set of 5000 special lines on each member Xt of the family - since this 
number exceeded the known invariant of 2875 lines, this established the 
Dwork pencil as the only known nontrivial family of quintics having each a 
continuous family of rational curves. 

Also in |AK2j . A.Albano and S.Katz presented another proof of the fact 
that the Hilbert scheme Ti. of the Dwork pencil is two dimensional. Their 
method consists of describing the lines contained in some Xt as lines in 
meeting each component of B, where B is the base locus of the family X. 
Since B = |Ji=o with 



the Fermat surfaces in the hyperplanes Hi = {zi = 0}, they show that the 
lines meeting each component of B are parametrized by a complete inter- 
section surface I in the Grassmannian G{2, 5), given in Pliicker coordinates 
by the equations: 



for i S {!,... ,4}. However, this surface has a rather large number of irre- 
ducible components, only one of which will correspond to the Hilbert scheme 
TC. For example, for each Bij = Bi f] Bj, there are components of I made 
of lines meeting Bij and the other components Bk of the base locus. In 
this paper we isolate the Hilbert scheme from these other components and 
describe it more precisely. 

This approach of A.Albano and S.Katz has proven fruitful in studying the 
closure of Ti. in G{2, 5) x and its desingularization, as well as in computing 
the class of these lines in the cohomology ring of G(2, 5) - as seen in sections 
8 and 9, respectively. 

On the other hand, for d > 2, little is known today about the degree d 
rational curves lying in the Dwork pencil and their images in the mirror 
family. Our hope is that some of the proprieties of the degree 1 Hilbert 
scheme described in this paper might prove useful in studying this problem. 

0.3. Method of proof. In analyzing the degree 1 relative Hilbert scheme 
of p, a special role is played by those lines in Xt, t ^ 0, which contain 
a point two of whose coordinates are 0. We call these lines van Geemen 
lines, due to their use by Bert van Geemen in jAKlj to give the first proof 
of the fact that the relative dimension of TC = Hilhi{X /C) is 1. It turns 
out that the local behavior of 71 at the Van Geemen lines is geometrically 
understandable. On the other hand, if we remove the lines in Xq and the 
van Geemen lines from the universal line lA, the resulting quasi-projective 
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scheme W admits a simple and uniquely symmetric algebraic presentation 
giving a birational map to P^. 

The main tool in linking these two viewpoints came from a recent result of 
Clemens in for K-trivial threefolds. There, the local analytical Hilbert 
scheme of a smooth curve is described as a gradient variety. 

0.4. Notations. Throughout this paper, P" will denote the n-dimensional 
complex projective space, G{k + 1, n + 1) will denote the Grassmann variety 
of fc-dimensional projective subspaces of P". 

The Dwork pencil of quintics is denoted by X and its relative Hilbert 
scheme of lines by 7i. 

G is the group 

{(/io : ^1 : /i2 : ^3 : ^4)/^f = : : n : fi : n)/fi^ = 1} 

and G is its subgroup 

4 

{(/io : /ii : /i2 : At3 : /^4)/Atf = 1, /ij = l}/{(/i : /i : /i : /x : = 1} 

i=0 
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1. HiLBERT SCHEME Hq OF LINES IN THE FeRMAT QUINTIC THREEFOLD 

In |AKlj . Hored is proven to be the union of 50 Fermat quintic plane curves 
meeting transversely in pairs at 375 points. We will start by recalling the 
description of the Hilbert scheme Tio as in |AKlj and |('Kj : 

Notation . Let /i be a complex number such that fi^ = 1. 
Let 

Bi = {{zo : zi : Z2 : Z3 : z^) G X^/zi = 0, ^ 2;| = 0}, 

for i G {0,1,2,3,4}. 

Let Bij = 5i n Bj and = B^[\ Bj Q ^fc, for i, j, A; G {0, 1, 2, 3, 4}. 

B = Ui=o i^ base locus of the pencil of quintic hypersurfaces Xt. 
Each Bij is a quintic curve in and each Bijk is a set of 5 points in P^. 

Here i, j. A;, /, h will stand for pairwise different indices from to 4. 
For each pair with z,j G {0,1,2,3,4}, the hyperplane (z, + /xzj = 0) 
intersects Xq in a cone Qj,^ over the curve -Bjj, whose vertex is one of the 
five points of B^hi- There are 50 such cones. Two such cones Qj,^ and 
Ck,i,y intersect in a unique line iff i,j,k,l are pairwise different. Thus by 
counting we get 375 lines of intersection: each cone contains 15 such special 
lines, each special line is at the intersection of exactly 2 cones. The fact that 
the only lines in the Fermat quintic Xq are those lying in one of these cones 
is proven in |AKlj . 

From a local computation it can be seen that the Hilbert scheme TCq is 
not reduced at any of its points ( see |CKj l. We will denote by li one of the 
375 special points of Hq and by I2 any point of TCq away from the crossings. 
Then Hq can be described locally analytically as 

SpecC[[x,y]]/(y2) 
in a neighborhood of I2 and as 

SpecC[[x,y]]/(xV,xV) 

in a neighborhood of li. H.Clemens and H.Kley in |(]Kj recovered from this 
local structure the Gromow-Witten invariant for lines in quintic threefolds: 
namely, the local primary decomposition of the ideal {x^y^ ,x'^y^): 

gives the following computation for the Gromow-Witten invariant: 

50 • 2 • (250 - 2) + 375 • 5 = 2875, 

where go = Q stands for the genus of the plane quintic. 

In the remainder of this section we will answer the question concerning 
smoothness of the relative Hilbert scheme at the points li and l2- We will 
see that the I2 are smooth points of Ti. while the li are not. For this purpose 
we compute the normal bundles A/i^\Xo) -^hyxi -^hXXoy aiid Mi^^x- Notice 
also that the lines {li} are contained in the base locus of the family {Xtjt&c-, 
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thus the normal bundle A//^yxt &lso give us information on the structure 
of 7i around the corresponding points in the fiber Tit- 

For simplicity, we will consider li to be given by 0i : ^ 

(/>i((a : /?)) := (a : /3 : -a : -/3 : 0) 

I2 to be given by the morphism (j)2 '-^"^ P^ 

(/)2((a : /?)) := (a : /3 : -a : a/3 : 6/3) 

with ah^Q, 1 + + 6^ = 0. 

Using the action of the group G x we can see that our computations 
hold for any li and I2 in Tio. 

We will use the following lemma, which is a version of lemma 1.8 in |CKj 
in our particular case: 

Lemma 1.1. LetlA represent the universal family of lines overTi. 

U — ^ X 

p 

n 

Let I-j-i denote the ideal sheaf of Ti in G{2, 5) x C and let d on G{2, 5) x C 
represent the differential in the direction o/G(2,5). Letlx denote the ideal 
sheaf of <Y m P^ x C, the ideal sheaf oflA in TC xc and Ju the ideal 
sheaf of lA in Ti. xq (P^ x C). We will denote by lo the relative sheaf of 
differentials ofU overTi. Then there is a commutative diagram: 

R^p,{q*{Ix/I^)®uj) y R^p.iJuUu®^) ' R^p,{lu/Zl®uj) 

'^n/'^n ^ ^G(2,5)xC/C ^ ^H/C 

with j* surjective. 

On fibers over {1} G Tit, the upper morphism in the previous sequence is: 
H\Ml^^,\i ® Oi{-2)) ^ i^^A/'iV ® ^'(-2)) ^ HH^r\x, ^ Oi{-2)) 
which can be thought of, via Serre duality, as 

We may think of as the cokernel of the map ipt , where tpt is 

y H^{^fl\xJ > H''{^fl\F^) > H^{Mx,\F^)\i) 

. H^{M\xJ > ®liH^mi)) H^mb)) 

Consider C/qi = G'(2,5)\{poi = 0} and {1} e Uqi generic given by 

. pi ^ p4 

4>{{a : (3)) := {a : P : X2a + 7/2/? : x^a + 2/3/? : X4Q + 7/4/?) 



ANCA MUSTATA 



the line passing through the points x = {1 : : X2 ■ X3 : X4) and 

y = (0 : 1 : y2 : 2/3 : 2/4), where (x2, 2:3, 2:4, 2/2, 2/3, 2/4) are coordinates for ?7oi. 

Then 



IS 



ipt 



H\Oi{h)) 



dFt dFt dFt^ 

In particular, if we consider the canonical bases (a, /3) for H^{Oi{l)) and 
(a^aV,-,a/3^/3^) for H^{Oi{h)), then 



1p2t 



corresponding to the line I2 embedded by (/>2, is 



4 / Qp \ 

V'2t((a2, ^2), (03, ^'3), (a4, bi)) = ^(a^a + 6,/?) \ 4>2{^)j = 

= 5{a2a + 62/3) (a'' - tabal3^)+ 

+5(030 + b3(3){a^a'^ + tha^fd"^) + 6(040 + hAl3){b^f3^ + taa'^p'^); 
or, in matrix form with respect to the standard bases of H^{Oi2{l)) and 



2t 



( 1 








—tab 





\ 





1 








—tab 











tb 





a" 














tb 





a' 








ta 





b^ 





^0 








ta 








The determinant of this matrix is t^(a^ + 6^)^ = f^. 

ipit may be obtained from the above by setting a = — 1, 6 = 0. Thus: 

(1.1) h\Mi,\x,) = dimKerV'io = 2, 

(1.2) ^"(AT^^^xJ = dimKerVit = 0, 
for t 7^ 0. Furthermore 

(1.3) h''iMi,\Xo) = dimKerV'20 = 2. 

Similarly, {J\fi-^\x) 1 h^i^l2\x)j can be obtained from the exact sequence 



X) 



-f^°(M\(p4xC)) ^ -f^°(-^A'\(p4xc)IO 

etiF0(OKi))e/^°(O/) H'^mb)) 
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where ■i/'t is obtained from -0^ by adding the row: 

( ), 
given by 0i(^) for li, and 

( -a6 ) 
given by (/)2(^) for 12- Thus: 

(1.4) /i°(-MA^) = dimKerVTu = 3 

(1.5) /i°(A/;2\;t-) = dimKerV'2t = 2. 

Note that A.Albano and S.Katz have shown in |AKlj that the local dimen- 
sion of 7^ is 2 at each point of Tio- 

We can summarize the above results in the following: 

Lemma 1.2. With the above notations, we have: 

K\Xo = C?pi(l) © Opi(-3), = Opi(l) © C'pi(-3) e Opi 

K\Xo = (1) © (-3), K\x = Opi © Cpi © Opi (-2) 

andNi^\Xt = Opi(-l) ©Opi(-l) for t ^ 0. 

Thus the relative Hilhert scheme Ti. of the Dwork pencil is smooth at the 
points of Hq other than its crossing points. It contains as irreducible com- 
ponents 375 smooth curves corresponding to the base locus of the family Tit- 
These curves intersect the rest ofH only in the 375 crossing points ofHo- 

Proof. By Grothendieck's lemma, 

A/]\x, = Cpi(a)©Opi(&) 

for any of the above mentioned lines I C Xf, where a+6 = — 2 by adjunction. 
This, together with formulas (1.2)-(1.6) are enough to establish the form of 
M\Xf For use that 

Mi\x = Cpi (c) © Opi (d) © Opi (e) 

with a < c, b < d and c + d + e = —2, since Afi\x is the middle term in the 
exact sequence 

^ M\Xt ' M\x ' -^XtXxli 

> Opi (a) © Opi (6) > Opi (c) © Opi (d) © Opi (e) > Opi 

The local proprieties of 7i are deduced via the identifications of the tangent 
spaces: r^,,|;} = H^{Mi\xJ, Tn,{i} = H^{M\x)- □ 

In fact, some of the above results have already been obtained via different 
methods in jAK2j. 
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2. The relative Hilbert scheme H in a neighborhood of Hq: the 
hilbert scheme as a gradient scheme 



In |('2j . the relative Hilbert scheme of curves on a family of Calabi-Yau 
threefolds is constructed locally analytically as a (relative) gradient scheme, 
more precisely as the zero scheme of the exterior derivative of an analytic 
function on an analytic family of differentiable curves in the threefolds. In 
this section we will see how the description of 7i locally as a gradient scheme 
can give us information on its behavior in the neighborhood of Tio- 

The following lemma will prove useful in this context: 

Lemma 2.1. Let C denote one of the 375 curves identified above as compo- 
nents of the relative Hilbert scheme. Let A4 C Oc denote the maximal ideal 
at t = 0. Then in a neighborhood of 0, the maximal ideal M annihilates the 
stalk of ® Oc^ . 

Proof. With the same notations as in the preceding section, 

C < dx2^ dy2, dx^, dys, dx/^, dy^ > 



Urn nc,nl 



H/C 



OuoiCiC 



Im (V'2t)* 

On C, tjj2t is given (with respect to the canonical bases) by 



■02* 



Then by Lemma 1.1 



/ 1 














\ 





1 


























1 




















1 








-t 











I 








-t 





0^ 



H/C 



01 nc 



and therefore M annihilates the sections of 



< t(ix4, tdy4, > 



□ 



The preceding lemma and the fact that locally analytically the Hilbert 
scheme may be written as a gradient scheme can be used to establish the 
following proposition: 

Proposition 2.2. Let li be one of the crossing points of Tio. Then there 
exists an analytical neighborhood U of li such that for t close to 0, TCtCiU 
consists of two smooth disjoint curves and an isolated zero, (which is CnHt). 
Moreover, ('H\C) CiU is a smooth irreducible surface. 



Proof. As mentioned before, in an analytical neighborhood of li, the Hilbert 
scheme TCq can be described as SpecC[[x,y]]/(x^y^,x^y^) (where the coordi- 
nates x, y can be thought of as coordinates in an analytic disc of dimension 

2 = h%Mi,\Xo))- 
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Following |(]2j . an easy exercise shows that a potential function whose 
gradient gives TCq, can be written, after an appropriate choice of coordinates, 
as x^y^. Furthermore, one can extend the function x'^y^ to some analytic 
function ^{x,y,t) such that 

$(x, y, t) = x^y^ + tg{x, y) + t^h{x, y, t) 

and, in some analytical neighborhood U of /i, 7^ is given by the zeroes of 
the differential of $ in the direction of the fiber: 

='^y= 0). 

Moreover, we can choose coordinates x,y, such that C is given by (x = y = 0) 
on U. This means that gx{0,0) = gy{0,0) = 0, i.e. 

g{x, y) = ax^ + 2bxy + cy^ + o(3). 

In this setting, f^^^j- ^ Oc over U has the form 

C[t] < dx, dy > 
{tgxx{0,0)+t'^hxx{0,0,t))dx + {tgxy{0,0)+eKy{0,0,t))dy, 
{tgxy{0,0)+t'^hxy{0,0,t))dx + {tgyy{0,0)+t'^hyy{0,0,t))dy 

and under these conditions Lemma 2.1. implies that 

fc(0,0) gxy{0,0) 
5x5/(0,0) gyy (0,0) 

otherwise t would be a nilpotent element of f^^/pi (8) Oc over U. 
Then 

= 3x^y^ + 2t{ax + by + o(2)) + t^h^ix, y, t), 

^y = 3x^y^ + 2t{bx + cy + o(2)) + t^hy{x, y, t). 
In other words, 

^x = ^x'^y^ + t{Ax + By), 
<^y = 5x^y'^ + t{Cx + Dy), 

where A, B, C, D are analytical functions in x, y, t, with AD — EC invertible 
in an analytic neighborhood of (0, 0, 0). 



ac - 6V 0, 



Notice 



C^x - A^y = 3x'^y'^{Cy - Ax) + t{CB - AD)y = yki{x, y, t), 

where ki{x,y,t) := 3x'^y{Cy - Ax) +t{CB - AD). 

D^x - B^y = 3x'^y'^{Dy - Bx) - t{CB - AD)x = xk2{x, y, t), 

where k2{x,y,t) := 3xy'^{Dy - Bx) - t{CB - AD). 

Since AD — BC /is invertible in an analytic neighborhood of (0,0,0), it 
follows that the Hilbert scheme Tit is given in that neighborhood by the 
ideal 

{yki{x,y,t),xk2{x,y,t)). 
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On the other hand, 7i has at least one local component of dimension 2, that 
cannot be given by x = or y = since x = y = is isolated in Tit for small 
non-zero t. So 

ki = Ek2 

for a unit E, and the zeroes of ki give a smooth surface with tangent plane 
{t = 0) at (0, 0, 0). By inspection on ki and ^2 we get that E must equal 1, 
A = D = and B = C. 

Thus for U small enough, Ti r\U has irreducible components given by 
(x = y = 0) and {ki = 0), and TCt CiU consists the two smooth disjoint 
curves 

xy = ±t^/2 

together with the isolated point x = y = 0. □ 

Proposition 2.3. For t ^ in an analytical neighborhood of 0, the relative 
Hilbert scheme TCt is a smooth curve, together with 375 isolated points. 

Proof. It remains to prove that as it departs from a point I2 in the t-direction, 
the non-reduced curve TIq splits locally analytically into two non-intersecting 
analytical open subsets of Tit, both of which are smooth, 1-dimensional. 

In an analytical neighborhood of I2, the Hilbert scheme Tio can be de- 
scribed as SpecC[[x,y]]/(y^). Here again, as in the previous proposition, 
the coordinates x, y can be thought of as coordinates in an analytic disc of 
dimension 2 = h^{J^i2\Xo)^ which is in accord with the data in |('2j . Thus 
one can again extend the function to 

$(x, y, t) = x'' + tg{x, y) + t^h{x, y, t) 

analytical such that, in an analytical neighborhood U of I2, Ti is given by 
($3; = <^y = 0), with 

^a:{x,y,t) = 3x^ + tgx{x,y) + t^/i^(x,y), 

^y{x, y, t) = tgy{x, y) + t^hy{x, y). 

For any {Z} E [7 fl Ti, dimTT^^; = 3 — r(x, y, t) where r(x, y, t) is the rank of 
the following matrix 

6x "1- tgxx ~1~ ^ hxx tgxy ~\~ t hxy \ 
^Qxy ~1~ ^ hxy ^9yy ~^ ^ ^yy I ■ 

gx + 2thx + t^htx gy + 2thy + t^hty ) 

Since (0, 0, 0) is a smooth point of Ti, we necessarily have: 

r(0,0,0) = rank ( 5^(0,0) 5j/(0,0) ) = 1. 

On the other hand, (x,y,0) is also a smooth point of Ti for any x,y small 
enough, so 

/ 6x \ 

r(x, y, 0) = rank I I ~ 

\ 9x{x,y) gy{x,y) ) 
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Then gy{x,y) = for x 7^ and since g is analytic in x and y, this shows 
that g depends only on the variable x and that gx{^) 7^ 0. Thus 

^x{x,y,t) = ^x^ + tg^{x) + t^h^{x,y,t) = ^x^ + tA{x,y,t), 

where A{x^y^t) is analytic and invcrtiblc in a neighborhood of (0,0,0). 

%{x,y,t) = t^hy{x,y,t). 

After an analytic change of variables we can rewrite the local equations of 
H onU as {x'^ ~t = 0, f{x' , y, t) = 0). As this should be a surface around 
0), / € (x'^ — t) and this concludes the proof. 

□ 

By combining the local information on the relative Hilbert scheme TC and 
that on the associated normal function derived from the above propositions, 
we obtain the following 

Corollary 2.4. The general fiber Ht of the family H is reducible. 

Proof. As before, let h denote a point on Ho which is one of the 375 base- 
points of H and let I2 denote a general point of Ho- We define the analytic 
function 

F:H^C 

{l,t) ^ / ioit) 
J{h,t) 

where io{t) is a holomorphic 3- form on Xt, varying holomorphically with 
t. From the previous proposition we know that, in appropriate analytic 
coordinates (x,y,t), F is given in a neighborhood of (^2,0) by 

3 I 
^ ~ t^\3x'^-t=0- 

Therefore 

F{x, y, t) =x^ - 3x^x = -2x^ 
is not constant in a neighborhood of (^2,0), because of the branching given 

by 

Since F should be constant on each component of Ht, it follows that Ht has 
at least two different connected components. 

A more detailed algebraic analysis of the Stein factorization of 7^ ^ C 
will be given in sections 6 and 7. □ 
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3. The van Geemen lines 

In |AK2j it is proven that the generic Hilbert scheme Tit has a component 
of dimension 1. The proof is based on identifying a particular set of 5000 
points on each Tit -the Van Geemen hnes- and proving that, for t generic, 
the dimension of the tangent space to Tit at those points is 1. We know that 
the generic quintic threefold contains 2875 lines. Since no smooth quintic 
admits a 2-parameter family of lines, this shows that Tit has a component 
of dimension 1. 

Following is a brief description of how the van Geemen lines occur in the 
quintic Xt. After that, Mi^\Xt ™d computed by the methods 

introduced in section 1, to the effect that all van Geemen lines are smooth 
points of 7i. Also, all but those over the fibers at the fifth roots of ^ are 
smooth points of their fibers Tit- 

Consider lines passing through points of the form: (1 : 1 : 1 : a : 6) and 
(1 : C : ^2 . : 0) in F^, where ^ is a complex number satisfying 1 + ^+^^ = 0. 
The conditions for such a line to be contained in one of the Xt-s are: 

(3.1) + = 27 and tba = 6. 

Let Z3 denote such a line. There are 10 distinct solutions of the above 
equation for each i 7^ 0. Using the action of the group G x S5 one obtains 
a set of 5,000 lines in each Xt (see |AK2) ). These will be called the van 
Geemen lines. 

Consider the Pliicker embedding of the Grassmannian G(2,5) in P^. No- 
tice that all the van Geemen lines correspond to points inside the 10-degree 
hypersurface in P^: 

4 

^ = U = o>- 

i,j=0 

On the other hand, we know that Tio C G(2, 5) consists of 50 quintic curves 
with multiplicity 2, thus the intersection cycle with P has number 5000. We 
will see shortly that, indeed, the van Geemen points in Tit give exactly the 
above mentioned hyperplane sections on Tit- 

We next compute the normal bundles to lines I3 in Xt, X, using Lemma 
1.1. 

Let Z3 be given by the morphism ^3 : P^ ^ P"^, 

03((a : /?)) := (a + /3^^ : a + : a + P : aa : ah), 

with + = 27, tba = 6. 

As before, one works with the exact sequence: 

Then as before 

4 / dF 

tp3t{{a2, &2), (03, 63), (04, ^4)) = ^{aiU + biv) ( (f^li-^) 
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= 5{a2U + b2v){-5u^ + lOu'^v + 4?i?/^ + v'^) + 

+5{a3U + 63t;)((a^ — t6)n^ — tbuv"') + 5(a4U + 641; — ta)u^ — tauv"'). 

In terms of the basis (a,/3) for H^{Oi^{l)) and (a^ a^/?, Z^^) for 
^°(0^3(5)): 



= 5 



Notice that since the 3-rd and the 6-th columns of the above matrix are 
Unearly dependent, 

^°(M3\xJ = dimKerV'3t > 1 
for alH 7^ 0. Also notice that if 

= b^ 

then rows 3 and 5 are linearly dependent and the same is true of rows 4 and 
6. In this case one can immediately check that the rank of the above matrix 
is 4 and so 

^°(-M3\x,) = dimKer^3t = 2. 





-5 


10 





4 


1 


\ 







-5 


10 





4 


1 




a^-tb 








-tb 













a^-tb 








-tb 







b^-ta 








—ta 








v 





b^-ta 








—ta 


0/ 



(3.2) 

Under the condition a^ = b^, the equations for the van Geemen lines: 

b^ + a^ = 27, tba = 6 

yield solutions 



a = Ml" 



and 



where Mi/U2jU = 1 and fii,fi2 are 5-th roots of unity. 
Otherwise, we check that the determinant 








-5 





4 


1 







-9 


4 


1 


a^- 


tb 





-tb 












-tb 













a^-tb 





-tb 













-tb 





b"- 


ta 





—ta 










b^ 


-ta 













b^-ta 





—ta 










b^ 


—ta 









= t' 






= 27t^{ 


a^- 


b^) ^ 0. 







Thus for t ^ 

(3.3) h\Mi,\Xt) = dimKerV'st = 1- 



16 ANCA MUSTATA 

Similarly, h^{J\fi.j\x) can be obtained from the exact sequence 
H%Mi,\;,) > ^°(A/;3\(P^xC)) > ^°(A6kr\(p4xc)|/3) 



Hms\;^) — ^ eLi^°(0;3(i))©i?°(0;3) ^ ^°(0/3(5)) 

where the left horizontal morphisms are injective and ip^t is obtained from 
tpst by adding the row: 

( -ab -ab ) 

given by (/)|(^), so: 

(3.4) h\Mi,\x) = d-imKerij~3t = 2. 

These results can be summarized in the following: 
Lemma 3.1. With the above notations, we have: 

Ms\x, = Opi (1) © Opi (-3) for t = 

K\Xt = ® 0pi (-2) for t 

= Cpi © Opi © C>pi(-2) for all t. 

Thus the relative Hilhert scheme H of the Dwork pencil is a smooth surface 
at the Van Geemen points; all the fibers Ht are smooth at these points except 
those where t is a fifth root of ^ . 



4. Algebraic description of the universal line U away from Uq 

AND THE VAN GeEMEN LINES 

Notation . As before, let G(2, 5) denote the Grassmannian of lines in P^. 
Let 2, 5) C G(2, 5) x denote the flag variety 

F(l,2,5)={({Z},y)/{/}GG(2,5),yGZ.} 

Let ^ C H X p4 denote the universal line of U. Let U C Ti x P^ denote 

the closure oiU in F(l,2,5). 

Let U be the projection ofU C 2, 5) x P^ to 2, 5). 

Notation . For each i G {0, ...,4}, let denote the rational map from 
F(l,2,5) to P^ defined by 

m{i},y)) = (------^ ■■■■■■■-), 

where y = {yo ■ ■■■ ■ yi) G / C P^ and x = {xq : ... : X4) E I D Hi. 
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The restriction on U of the rational map will be the main tool in our 
algebraic study of U away from the Van Geemen lines and from the lines in 
Xq. We will denote this restriction by i]/ . 

We can understand the map ^* geometrically as follows: for a given line 

I C ^Uj=o -^i) ^ fixed point y € I, we consider y to be the point at 
oo on Z, and IH Hi to be the point on I. Modulo the action of C*, this gives a 
parametrization on /. Thus, 4-tuplcs of points on /, none of which is oo, will 
correspond via this structure on I to points of P'^. We let ^*(({Z},i/)) G 
be given by the 4-tuple of intersection points {I n Hj}, where j / i. Note 

that this construction only works for I (f_ Uj=o V ^ (Uj=o -^i) • 

It extends algebraically to ({0)2/) with y £ ^(J^_^^- if^j , as long as 

We may think of F(l,2, 5) as the projectivization of the tangent bundle 
Tp4. Over 

(C*)^ = P'i\ [ U ^: 

\3=0 

this bundle is trivial and any of the maps ^'^ gives a trivialization of it. 
Notation . Let U' CU he defined as: 

4 

U' = {{{l},y)eU/l[y,^0}. 

j=0 

Let U' cUhe the projection of U' on F{1, 2, 5). 

Notation . Consider the Plucker embedding of G(2, 5) in P^, with coordi- 
nates pij . Let H' cHhe defined as the preimage in H of 

G(2,5)\[ [J{p^J=0} 

The following notations will prove very useful in better understanding the 
subset U' dU and the morphisms 

Notation . Let {{l}^y) € F(l,2,5) be such that 11^=0 ^- ■'^^'^ each. 
X = {xo : ... : X4) G I, let 

n,- = ^,VjG{0,...,4}. 

Following the discussion above, if x varies in one of the coordinate hy- 
perplanes Hi C P^, then {(uq : ... : Ui : ... : 1*4), (j/o : ••■ : 2/4)) G P^ X 
give coordinates for the restriction of the P^-bundle F(l,2, 5) over P^ to 

(C*)^ = P^\ ^Uj=o ^j) ■ Notice also that for a; 7^ y varying in a hyperplane 



18 



ANCA MUSTATA 



Hi C P*^, the projective coordinates {uq : ... : Ui : ... : U4) together with 
(yo '■ ■■■ '■ 2/4) exactly determine the orbit of the hne I by the action of the 
group G. Let 

4 4 
so{u) = l,si{u) ='^Ui,S2{u) = ^ UiUj, etc. 

be the fundamental symmetrical polynomials in (uq, ...,^4). 
For any k G {0, ...4}, let 

4 



1=0 



For i,j e {0, ...4}, we let 



where u,- = and 



where Ui = Uj = 0. 



Also, let 



u' = {uq : ... : : ... : U4) 



u'^ = {uq : ... : : ... : : ... : U4) 



5{u) := Yiiuj - Uk), 
j>k 



etc. 



Notation . If x 7^ ?/, we may consider the line I passing through x and 
y to be parametrized with coordinates (a : /3) and embedded in by the 
morphism (f> ^F^, 

(f){{a : 13)) := {xQa + yoP : x\q. + : xiol + yi^ : X3Q; + 7/3/? : x/^a + 2/4/?). 
In the new coordinates {{yj)j, {uj)j)- 

(4.1) (f){{a : P)) = {yoiuoa + P) : yi(txia + /3) : ... : y^iu^a + /?)). 
Notation . Let M{u) denote the matrix 

/ 1 1 1 1 1 \ 



M{u) 



Uo Ui U2 ^3 1*4 

2 2 2 2 2 
Uq ui U2 Ug n| 



«0 ^•'1 "2 «3 "4 
4 „,4 ,,4 „,4 „A 



Let 



yl 
yl 
yl 



ul U2 



and C{u) 



( Sq(u) \ 

Uxiu) 
■Ta^2{u) 
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Proposition 4.1. U' is a 3- dimensional quasi-projective variety, reduced 
and complete intersection in 2, 5)|(c*)4, given, via the trivialization ^'j 
o/F(l, 2, 5)|(c*)4, by the following matrix equation on x (C*)^; 



(4.2) 

Proof. Consider the pair 



Miu')-Y{y)=5tllyjC{ 

j=0 



u 



({0,y)eF(l,2,5)|(c*)4, 



with the hne I parametrized and embedded in by the morphism cf) -.F^ ^ 
P^ given in equation (4.1). The line / is in one of the X^-s, for some t & C, 
if (l)*{Ft) = as a degree 5 homogeneous polynomial in (a : /?). This gives 
six equations in n = (uq : ... : U4), y = {yo : .. : 7/4): 

(4.3) I ( ^ ) (^k{u, y) - 5tsk nUo VJ = ^ ^ {0, 5}. 

Equivalently, in matrix form: 
/ 1 1 1 1 1 \ 



(4.4) 



Uq Ui U2 U3 Ui 
2 ,,2 „,2 „,2 „,2 



Un 



\ ^0 



U3 



U3 

Mq 



U4 



Vi 



i=o 



/ •so(^t) \ 

T0'52(m) 

\s^{u) 

V «5(^^) ) 



As long as ^tWj^^^Vj 7^ 0, one can forget this factor since (yo '■ ■■■ '■ Va) are 
given modulo the action of C*. 

Notice that the sixth row r^ of the augmented matrix of the system: 



u 







is a linear combination of the first five rows (r,- 



je{o,...,4}: 



rs - si{u)r4 + S2{u)r3 - S3{u)r2 + S4{u)ri - S5{u)ro = 0. 

Thus after setting Ui = 0, one gets 5 equations defining a reduced complete 
intersection in P^ x (C*)^. □ 

Corollary 4.2. Let y ^ Xt for some t E C satisfy 

4 

j=0 

Then a line Z C P^ has contact of order > 5 with Xt at the point y if and 
only if 



IcXt 
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Proof. Looking back at the way equations (4.4) were obtained, one notices 
that the first k equations in (4.4) define the subset 

{({/}, y) G F(l, 2, 5)|(c*)4/ 1 has contact of order > k with Xt at y} 

of F{1, 2, 5)|(c*)4. Thus the corollary rephrases the statement that the 6-th 
equation in (4.4) is a combination of the other five. □ 

Theorem 4.3. The inverse image ofH'/G inlA/G is a smooth, irreducible, 
rational threefold. Thus H'/G is a smooth irreducible unirational, therefore 
rational, surface. 

Proof. If u is an element of P*^\ {y]j_^f^{uj = Ufc}^ , then the matrix M(u) is 
invertible. In this case, equation (4.2) can be rewritten as 

4 

(4.5) Y{y) = 5t n yjM{uT^C{u'). 

3=0 

Recall that Y{u) is given only in terms of := [y^ : ... : yl). As long as 
t Ytj=o Uj / 0) disregard the t Y[^=o Vj- ^ consequence, equation 

(4.5) defines a birational transformation 

y : p3 ^ U/G, 

Yiu) = {y\u). 

If one thinks of G(2, 5) as embedded in by the Pliicker embedding, 
then, in terms of the coordinates {{yj)j, {uj)j), 

Pij = ViVjiui -Uj). 

So, if y is such that 11^=0 Ui 0; then the conditions y E I, {1} G H' are 

equivalent to the fact that M{u) is invertible. The map 7* defined above is 
thus a smooth morphism at such pairs {I, {y}) and therefore the images of 
these points are smooth in U/G. The points of U standing over these points 
of U/G are also smooth. □ 

Next we will take a closer look at the lines excluded by the previous 
corollary: 

Theorem 4.4. Let I C Xt be a line such that {1} G HXH'. Then either 
I C Xq or I is a Van Geemen line. 

Proof. For symmetry reasons, it is enough to check the proposition for I with 
Pqi = 0. Assume that I ^ Xq. Then one can choose a point y on / such that 
11^=0 Hi 7^ ^- Indeed, one can always do that as long as I is not included in 
one of the coordinate hyperplanes H^. But if I C Hi and / C Xt for some 
i G C, then I is in the base locus of the pencil X and thus also in Xq. 

In the proof of Corollary 4.4 it is shown that the condition poi = becomes 
no = ui. By considering the map tp^, one may assume 

Uq = Ui = 0. 
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The proposition can be proven by analyzing equation (4.2) in this context. 
Because uq = ui = 0, all the other uj-s satisfy the following: 

_ s^{u'^)u';+^ + S2(n'^^)uJ+i - S3(tX°^)4 = 0. 

In particular, for fc = 1 one obtains that the last 4 rows of the matrix 

M(n) = M{u^^) are linearly dependent and thus, the last 4 rows of C{u) 
should necessarily satisfy the same dependence relation: 

o lU -LU O 

Because S4,{vP^) = 0, this relation simplifies to: 

(4.6) si(u°i)-3si(n0i)s3(7x0i) = 0, 

(4.7) (^31X4 + ^U2U/i + ^'^U2U3){u?,UA + ^^n2'"4 + ^'"21^3) = 

where ^ is a primitive third root of unity. 

For symmetry reasons it is enough to study the case 

(4.8) ti3n4 + S,U2U4 + ^'^U2U3 = 0. 

If two of the Ui-s are equal, then either all three are equal or those two 
are actually 0. If all three are equal, then I must be passing through a 
point (/Xq '■ —fJ-i : : : 0) with fi^ = = 1, and also through a point 
(0 : : X2 : a;3 : X4), because of the assumption poi = 0. In this case I C Xq. 

Notice also that if any one of the coordinates (1x2,^^3,^4) is 0, then yet 
another one should be 0. But it is easy to check that there is no line inside X 
passing through a point four of whose coordinates are 0. Thus one obtains 
that U2U3U4 / 0. This, together with equation (4.8), justifies a change of 
coordinates to v^^ := {v2 ■ V3 : V4), where 

1 

Vi = — . 

Ui 

Equation (4.8) becomes: 

(4.9) V2 + + fv4 = 0. 

The xx-terms involved in the algebraic description (4.5) of W transform as 
follows under the change Vi = 

(4.10) ..(xxO = £^£Ez^, 

Stop{v') 

where top = 5 for xx' = xt and v' = v, top = 4 for u' = xx* and v' = etc. 

(4.11) S{u') = {-l)'"^^ fy,^ 

Given (x;2 : ^3 : ^4), equations (4.5) well determine (x/f '■ yf : 2/1) (up to a 
common factor). Indeed, after dividing by the i 11^=0 term: 

y°i(x/°i) = MOi(xi°i)-iC°i(xx°i), 
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where 

si(nOi) 

U2 U4 

M°i(u°i) := ( uj 4 ul 

Alternatively, following formulas (4.10), and (4.11): 
(4.12) FOi(yOi) = M0H^^°')-'C0H^^°') 

with 

01\ 



and the product 
equal to 




^;i5(v012)so(„012) _„3^(^012)g^(y012) ^3^(^012)^^(^012) 

-t>i5(?;013)s(,(„013) +^35(„013)g^(„013) -yl5(yOi3y^^^^013^ 
4<5(7;014)so(^,014) _x;3^(^;014)5^(^014) ^;3^(^014)^^ (^014) 

Thus one derives: 

for j G {2, 3, 4}. Using the identities: 

S2{v'''')=S2{v''')-VjS,iv'')+v], 

one can further simplify to 

(-l)^-%°^^).3 ,2.0U,^■2^ 

But formula (4.9) implies 352(1;°^) — sf (u^^) = and then 

^ _ (_l)i5(^01,)^5 



or equivalently, 

,5 _ 



^ _ y| _ (-l)i(^(t;01J) 
„5 25(i;0i)s3(i;0i) 



for J G {2, 3, 4}. Thus one obtains: 

(xq : xl : xl : : xf) = {0 : : V4 - V3 : V2 - V4 : Vs - V2) 

= (0:0:1:^:^2), 
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since v^^ 7^ (1 : 1 : 1) lies in the plane V2 + ^^3 + C^f4 = 0. Then 

(4.13) {xq : xi : X2 ■ X3 : Xi) = {Q : : ij,2 : ^^^3 : CM4) 
for some fifth roots of unity //2;/U3,/U4. Prom here, 

(4.14) (y2 : Us ■ Va) = {v-2X2 ■ V3X3 : V4X4) = (V2IJ.2 ■ ws^^/^s : W4^A*4)- 

In view of formula (4.9), the last statement leads to the following: If I 
satisfies poi = 0) then its projection on the last three coordinates: 

(a:/3) ^ (<^2(a,/3) :<^3(«,/?) :'^4(a,/?)), 
is a line of equation 

l4z2 + fl4^3 + CM3^3 = 

for some fifth roots of unity /i2,/U3,/U4, or 

|U22;2 + (Htz3 + ^^3^3 = 0, 

if one looks at the other component of the locus of such lines pointed out in 
formula (4.7). In particular, such a line contains a point with 

(2/2 : 2/3 : 2/4) = {fJ'2 ■■ fJ'3 ■ fJ-i)- 

This, together with formula (4.13), are enough to characterize a Van Geemen 
line. □ 

Putting together the information on smoothness gathered along these 4 
sections, one may conclude: 

Proposition 4.5. Outside the lines in the base locus of the family X , lA is 
a smooth threefold. 

5. The surface component S of H 

Putting together the results of Sections 1 through 4, one can prove: 

Theorem 5.1. The irreducible components of the relative Hilbert scheme Ti. 
are given by: 



375 



n = su[jZi 

i=l 

where S is a smooth quasi-projective surface proper over C and for each i, 
■K\Zi ■ Zi ^ <C is an isomorphism. The Hilbert polynomial of the family S 
inside G(2,5) is 

p^{n) = 500n - 1250. 
Proof. Consider the Pliicker embedding G{2, 5) C P^. Let 

4 



^ I u fe^ = 0} 



denote the torus in P^: 
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Theorem 4.4 shows that for each t 7^ 0, the intersection of Tit witli the 
border of the torus T consists of the 5000 points (2500 for t = 2^/|/n), 
representing the van Geemen hues of the quintic, together with 375 isolated 
points. Following the description in Section 3, the union of all the Van 
Geemen points of the relative Hilbert scheme H. gives a set of 500 smooth 
irreducible curves in x C satisfying equations like these: 

r b^ + a^- 27c5 = 
\ tba - 6c2 = 

where {a : b : c) are homogeneous coordinates in P^. Each of these curves is a 
10-1 cover of C, branched over and 2^J^fj,. Prom the Propositions 2.2 and 
2.3 one gathers that there is only one irreducible 2-dimensional component S 
of Ti containing TIq and moreover, this is the only irreducible 2-dimensional 
component of H which intersects Ho- But since all the irreducible curves of 
van Gccmcn points intersect Tio, it follows that they are all contained in S. 

On the other hand, as a result Section 4, the preimage Tt' of G{2, 5) flT in 
TC is also irreducible. Indeed, Theorem 4.3 states that H'/G is irreducible; 
a simple exercise starting from equations (4.5) shows that H' itself is irre- 
ducible. One may also find a further verification of this fact in formula (6.6), 
which explicitly describes the map 7'. 

Theorem 4.4 shows that H\H' consists of the lines in the base locus of 
X, plus those in Ho and the van Geemen lines, contained, as seen above, in 
S. Porm the structure of H: 

375 

H = Su[jZi 

i=l 

where 5 is a smooth quasi-projective surface proper over C and for each i, 
Zi corresponds to some line in the base locus of X, so ir^Zi : -^i ^ C is an 
isomorphism. 

The Hilbert polynomial of the family {St)t can be computed as 
p(n) = 2pn^ (n) = 2(50(5n - 5) - 375) = 500n - 1250 

since each Cij^^ is embedded in G(2,5) as a degree 5 plane curve, each of 
the 375 base-locus points is at the intersection of exactly 2 of the compo- 
nents of Hq , with intersection multiplicity 1, while the whole H^ j-g^j 
is embedded in H with embedding multiplicity 2. □ 

Theorem 5.2. The quotient S/G of the surface S is a smooth, irreducible, 
quasi-projective rational surface, proper over C. 

Proof. The finite group G acts on the smooth surface S. One needs to check 
whether the quotients of those points having non-trivial isotropy groups 
under this action are smooth points of S/G. Pirst recall from Theorem 4.3 
that the open subset H'/G of S/G is smooth and rational. The complement 
of H' in S consists of the van Geemen lines and the lines in Ho- Each of 
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the van Geemen lines has a trivial isotropy group, as can be easily seen 
from their definition. Consider now a line h in the base locus of the family 
X, and a line I2 contained in Xq, but not in the base locus. The point 
{^2} S 'Ho has order 5 isotropy group G2: if, for example, I2 passes through 
(1 : -1 : : : 0) and (0 : : X2 : X3 : X4) G P^, then 

G2 = {(1 : 1 : ^ : : m)/^^ = 1}. 

The point {li} G TCq has order 25 isotropy group Gi: if, for example, li 
passes through (1 : -1 : : : 0) and (0 : : 1 : -1 : 0) G P^, then 

Gi = {(1 : 1 : /ii : ^1 : /is)/^? = = 1}, 

with two generators (1 : 1 : /i : ^ : ^) and {fj, : fi : 1 : 1 : fi). Each of these 
generators gives a pseudoreflection of S, i.e. the set of points in S fixed by 
it is a divisor of S. Indeed, the set of points in S fixed by (1 : 1 : /i : ^ : /i) 
corresponds to the lines in the cones Co,i,i/, of vertices 

(1 : -z^ : : : 0), 

= 1, over the curve 

{(0 : : X2 : X3 : X4)/xl + x| + x| = 0}. 

Following |STj . the above property is sufficient for the images of li and I2 
to be smooth points of S/G. Thus 5/G is smooth everywhere. 

□ 



6. Properties of the fiber {S/G)^ 
We are now ready to prove: 

Proposition 6.1. The family {S/G) has double fiber at w = 0,^. 

The fiber {S/G)^, at w 7^ consists of two isomorphic connected 

curves. 

Proof. Recall from Corollary 4.3 that the following rational map 

-.U/G 

is birational. Let C/^ denote the closure of 'ip^{(U /G)w). Starting from 
formula (4.5), we will derive the equation of the surface C/^ in P'^ and then 
will prove that [/^ has two irreducible surface components. 

First, one can explicitly write down the inverse 7* of the above map. 
Although in this context the i-th coordinate Ui = 0, we will treat it here 
as all the other coordinates, for symmetry purposes. If Uj ^ Uk for all 
j,k G {0, ...,4}, the matrix M~^(n) has elements 
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where j, k £ {0, ...,4}. (Indeed, starting from the identity 
one finds that 

k=0 k=0 ^ ' 

where 5ji is the Kroenecker delta symbol.) 
By formula (4.5), 7* is given by 

4 

y^j = Y^M-^{u)jkC{u,y)k, 

k=0 

SO 

Use the identity 

to further simplify: 

yj = (5iny/)^X^^^^S4-.(«^)(sfe(«^)+u,-.fe_i(^^)) = 
1=0 ^ ' fe=0 I , 

V ^ 

= (^^n^^^S^ - 3.i(n^>3(«^) + I2s,{u^)) . 

1=0 ^ ' 

Notation . Let g{u^) := sl{u^) - 3si{u^)s3{u^) + 12s4{u^). 

The following lemma can be verified by direct computations: 

Lemma 6.2. Let {h,i,j,k,l} = {0, ...,4}. g{u^) has the following propri- 
eties: 

(6.1) g{u')\{uj=Ui} = 9{u^)\{uj=Ui} 

(6.2) g{u')\{uj=u^} = {ui - Ujf{uh - Ujf 

(6.3) \{uj=uk) = i^i - Uj){uh - Uj){ui + Uh- 2Uj) 

%^ = ^ = ^ E 

3 ' ke{0,..,4}\{i,j} 
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(6-5) ^^IW=M = 2K-^^)' 

To recap, we have shown that the inverse 7* of ijj^ is given by: 

1=0 ^ ' 

By taking product of the equations (6.6) when j varies from to 4 and then 
simplifying the nj=o y|-factor, one finds the pullback by 7* of the equation 

for {UjG)^, on the set p3\ (U^^l^^i = ^i))- 

j=o ^ ^ 

where w = t^. After simphfication, here is the equation of the surface in 

p3. 

(6.7) d\u) = ^f[g{un 
Notation . Let 

G{u) ■.= ll9{u^). 

j=0 

To prove the existence of two irreducible components of C/^, we will find 
a symmetric, homogeneous degree 10 polynomial P{u) such that 

^ S 

(6.8) l[g{u^)--6\u) = P\u). 

j=0 

Equations (6.7) and (6.8) will thus show that the fiber at u; = ^ appears 
with multiplicity 2 in the family {{U/G)w)w Also, equation (6.7) may be 
rewritten as 



(6.9) (l-^jS'{u)--^P'{u)=0, 

which factors as the product of two equations for each w € C Moreover, 
for generic w, each of these equations define an irreducible surface in P^. 

In order to write P{u) explicitly, one can consider as a rational 

function in the variable uq and decompose it into a sum of simple fractions: 

(0.10, gW=^_^ + ^_^ + C(u»), 
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with coefficients satisfying: 



(6.11) = and Bj(»°) = 



Using properties (6.1) - (6.3) in lemma 6.2, one finds: 

Let aj(tt*^) = ^^Hy- Next one checks that 

Gin) 3 ^ A,(tx°) ^ i?,(n") 3 



2 

1 1=1,4 



where 



^(")-^^^^)-2^-^|^^(^i;3^ 
does not depend on i and 

(6.12) E\u^) = C{n^) - ^. 

Indeed, one can verify the last two properties by again decomposing into 
sums of simple fractions in new variables Ui. It is enough to do it for i = 1: 



2(5(uOi) dui ^ 6{u^i){ui - Uj) 
Idgiu^) ^ g{u^){ui - Uj){uk - Uj] 



6{vP^) 1 2 dui ^ (u\ - U2){ui - U3){ui - ^4) 
1 fldg{u^) g{vP) d'^g{vP) 



5{vP^) \2 dui 2(ui — U2){ui — us){ui — U4) dui 
1 [1 dg{u^) _-^{ui- Uj){uk - Uj) d'^g{vP) 



(5(uOi)\2 dui ^ 2{ui-Uj) dui 
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after using properties (6.4) and (6.2). (Here {i,j,k} = {2,3,4}). On the 
other hand, writing 





as a sum of simple fractions in the variable ui and using Lemma 6.2, one 
obtains the following: 

0^, ^ 1 ( 1 9ff(^°) J^ {ui-Uj)iuk-Uj)d^g{u^) 
^ ' <52(uOi) 1 2 dui ^ 2{ui-uj) 

Since this works equally well for each Ei(u^), we have proven formula (6.13) 
which in turn implies 

G{u) ( ^ g(nO) ^ ' 

Thus formula (6.8) is proven. 

We now know that for w generic, the fiber {U/G)^ has two irreducible 
components. Going back to {S/G)yj, notice that the two corresponding 
irreducible components must be disjoint. Indeed, formula (6.8) shows that 
the points of intersection of the above two components, if existent, should 
be among the van Geemen lines. This would contradict Lemma 3.1 which 

states that for t 7^ /^y'^, the van Geemen lines define smooth points of St- 

Also, a simple check shows that the group G acts freely on the set of these 
lines and they also give smooth points of {S/G)w (see also Lemma 6.3). 
Thus for w ^ 0,^, {S/G)yj has (at least) two connected components. □ 

More information on the fiber (S/G)w can be derived by studying the 
action of the group G on S. One can decompose this action into the action 
of G, which fixes the fiber, and that of = Y\j jij on t G C. The group 
of fifth roots of unity acts freely on (C)*. The smoothness of the generic 
{S/G)t follows via the following lemma: 

Lemma 6.3. Let the group G act on the projective space with coordinates 
{xq : ... : X4). Then the only lines in with nontrivial isotropy group are 

those inside the hyperplanes Hi = (xi = 0). 

Proposition 6.4. For t generic, Ht/G consists of two isomorphic smooth 
hyperelliptic genus 6 curves together with 15 isolated points. 

Proof. By the preceding lemma, G acts freely on St for all i 7^ 0. Thus the 
generic quotient St/G consists of two smooth curves of genus 6, as may be 
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computed by the Hurwitz formula. Each of the 375 isolated points has an 
isotropy group of order 5, thus one obtains 15 isolated points in the quotient. 

One can see that each component C^, Cf of the generic fiber St/G is 
hyperelliptic by examining the quotients of the Van Geemen points. There 
are 5000 such points, organized in 10 families of 500. Each such family 
is the intersection of St with a hyperplane [pij = 0) in with Pliicker 
coordinates. On the other hand, formula (6.8) shows that the action of 
r € Z2 on St/G, induced by the interchanging of two coordinates in P-^, is 
mapping isomorphically one component into the other, so the 500 points in 
each family split into two families of 250. Each of these families corresponds 
to the linear divisor given by the hyperplane section of the corresponding 
component in P^. After quotienting by the G-action, one obtains 10 families 
of 2 points, and linear equivalence is preserved. The linear system \p\ +P2\ 
in C|, where p2 are the classes of the lines through: 

(1 : e : : : 0), \ / (1 : : ^ : 0), 

(1 : 1 : 1 : a : 6) ^ \^ (1 : 1 : 1 : 6 : a) 

is base-point-free and gives a 2-1 morphism ql into P^. Moreover, since a and 
b above depend holomorphically on t, it follows that the morphism ql does 
also. Notice also that even if Q is singular, one may still repeat the above 
argument for its normalization, since the Van Gccnicn points are smooth for 

t ^ 2^/|^. This even works for t = 2^/|/i, since the Van Geemen points 

there are smooth points of the reduced fiber. Thus one establishes a rational 
map from S/G into P^, 2-1 on fibers. □ 

Remark 6.5. By Hurwitz formula, the irreducible components of TCq/G are 
all rational. Indeed, with the notations of section 1 and Theorem 5.2, there 
is an order 5 subgroup of G permuting the cones (Cij^^)^, another order 
5 subgroup fixing each element of Gij^/^, and from the order 25 remaining 
action: 

2 -(6-1) = 25-2(0-l)-M5-4. 

Since there are 10 such irreducible components of TYo/G. intersecting two 
by two at 15 points, one immediately gets a total genus of 6 for the reduced 
Ho/G. 

7. Properties of the fibers St 

Proposition 7.1. The fiber of the family {St)t at t ^ 0, 2-^/|/x consists of 
two isomorphic connected curves of genus 626 and degree 250 in 0(2,5). 
The fibers at t = and 2 -^/|/^ are connected and are contained in the fam- 
ily with multiplicity 2. The set of all the connected curves in the family 
can be parametrized by a quasi-projective curve which extends to a genus 2 
hyperelliptic curve C-2- 
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Proof. Proposition 6.1 shows that for it; ^ 0,^, (S/G)w consists of two 
disjoint isomorphic connected curves, so the Stein factorization of the mor- 
phism 

(S/G) (C/G) 

is 

{S/G) {C2/G) (C/G)' 

where (3/G extends to a double cover of ¥^ branched at and 

A similar statement is true for the fibers St- The fact that the G-action 
does not influence the number of connected components of the generic fiber 
may be checked in different ways: either by recalling the behavior of in a 
neighborhood of Ho described in Section 2, or computationally be checking 
that the equations (6.6) are in general irreducible. 

Consider the closure S of the quasi-projective surface S in G(2, 5) xP^ . Let 
S be the normalization of S. By Stein factorization theorem, the morphism 

S -^-^ pi 

factors as 

S C2 P\ 

where 1x2 is a projective morphism with connected fibers and ^ is a 2-1 
morphism, ramified over and 2-^/|;u, for /x^ = 1, while the curve C2 must 
be a hyperelliptic curve of genus 2. □ 



8. The STABLE LIMITS 5oo AND Soo/G 

Consider the following two compactifications of the surface S at t = 00: 
First, let <S be the closure of the quasi-projective surface S C G(2, 5) x C 
in G(2, 5) X This surface is in fact not normal and the fiber <Soo has some 
embedded points, as Lemma 8.2 will show. 

Second, let G(2, 5) denote the blow-up of the Grassmannian G(2, 5) of 
lines in P^, along the subvarieties Gi(2,4) parametrizing lines inside the 
coordinate hyperplanes of P^. Let S be the closure of S in G(2, 5) x P-*^. 
The surface S turns out to be smooth, as will be seen in Theorem 8.3. The 
fiber Soo is the stable limit of the family S at t = oc and consists of two 
connected components and , which are isomorphic and reducible: 

with C| smooth isomorphic curves intersecting pairwise transversely at 25 
points. 
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The core of the argument here will consist in understanding the structure 
of the morphism p : G(2, 5) — > G{2, 5) and the way the image of S in G{2, 5) 
transforms under p: 

Set {h,i,j,k,l} = {0, . . . ,4}. Working on the affine subsets = Uij C 
G{2, 5), Uij = {pij ^ 0), with coordinates {xk,xi,Xh, yk,yi,yh), one sees that 
blowing-up the ideal 

{xk,yk) • {xi,yi) ■ {xh,yh) 

of ([ji=QGi{2,4:)^ n Vij in Vij amounts to taking product of three separate 
blow-ups, in the directions {xk,yk), {xi,yi), and {xh,yh)- 

(5Z(o,o)A2) X (S/(o,o)A2) X (5Z(o,o)A2) > A6. 

The fibers contained in the exceptional divisors are: 

• over points of Gi{2,4)\{\Jj^-Gij{2,3)), where each Gy(2,3) de- 
notes the Grassmannian of lines in the plane {xi = xj = 0) 

• X over points of Gjj(2, 3) except for those corresponding to the 
lines {xi = Xj = Xk = 0) 

• pi X X P^ over the points of G{2, 5) corresponding to lines (xj = 
Xj = Xk = 0). 

Furthermore, if one identifies S, respectively <S with their images in G{2, 5) 
and G{2, 5), one will obtain that 

p*{S) = su {[j^^i^ 

scheme-theoretically, where Ei are the exceptional divisors in G(2,5). This 
allows for a simple algebraic presentation of S, to the effect that 5 is a 
smooth surface. 

The action of the group G on G{2, 5) extends canonically to an action on 
G(2, 5), making the morphism 

p : (5(2,5) ^ G(2,5) 

G-equi variant. A brief study of this action will show that S/G is a smooth 
surface and the stable limit at w = cxo of the family S/G is 

Soo/G={&/G)[J{C^'/G) 

where &• jG is the union of 5 smooth rational curves intersecting pairwise 
transversely. 

Here we will keep the notations introduced at the beginning of section 1. 
In |AK2j ■ the subset / of G(2,5) consisting of all the lines incident to the 
5 components of the base locus B is described as a complete intersection 
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surface in G(2,5) given by the following equations: 

j^i;j=Q 

for i=0,4. One of these five equations is a linear combination of the others, 
which amounts to saying that whenever a line I intersects 4 of the compo- 
nents Bi, it automatically intersects the fifth. 

According to the possible multiplicities of intersection of a line I with the 
various Bi-s, one distinguishes the following irreducible components of /: 

(1) 50 components, each of which consists of lines in a cone over one of 
the Bi-s and having as vertex one of the points in Bij^; 

(2) 15 components, each of which consists of lines intersecting two of the 
curves Bij and Bki] 

(3) 10 components, each of which consists of lines intersecting one Bij 
and Bk and Bi and Bh (but in general not B^i, B^h or Bih^ nor Bijk Biji or 
Bijh)', 

(4) The image of 5 € G{2, 5) xF^ through projection on the Grassmannian 
G(2,5). 

We will start with a description of S initiated by |AK2j : 

Proposition 8.1. S is isomorphic onto its image in G{2,5), which is the 
closure of the set 

{{1} G G(2, 5)// n / 0, / n Bij = 0, Vi, j G {0, ...4}, i + j}. 

Proof. Indeed, if one considers the line / embedded as (/> : ^ P^, then 
{/} € if and only if the pull-back (j)*f of the rational map on P^ 

^5 _i_ ^5 _[_ ^5 _[_ ^5 _i_ ^5 

/((xo : ... : Xi)) 



XoXiX23:3J:4 

is a constant map, i.e. (p*{Of>4{Xo — J2i=o^i) — ^P^- Hence 

{{1} G G{2, 5)// n 5i / 0, / n Bi, = 0, Vi, j G {0, ...4}, i ^ j} C S, 

and on the other hand S is contained in the variety / of all the lines inter- 
secting the -Bi-s. Since S is irreducible, it is the closure of the above open 
set. □ 



Lemma 8.2. The reduced structure of Soo is given by: 

4 

Soared = (j{CluCf) 
i=0 

where all Q and are smooth irreducible curves of genus 76, and they 
intersect pairwise transversely as follows: for each i,j G {0, ...,4}, 

25 
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All the components , Q are embedded with multiplicity 1 in S but Soo 
is not reduced, containing embedded points. 

Proof. Let Gi(2,4) denote the Grassmannian of lines contained in the hy- 
perplanc Hi = [xi = 0) in P^. By the description of S given above, the 
reduced structure of <Soo consists of five copies of Li, the closure in Gi{2, 4) 
of the set 

{{/} e G^i2,A)/lnB,, ^ $,lnB,jk = (l>,yj,k£ {0,...4}\{i},j ^ k}. 

Take for example i = A. Again, L4 is a subvariety of the complete intersec- 
tion curve C4 in G(2,4), which consists of all the lines in (a;4 = 0) intersecting 
the curves S4j. C4 is given by the following homogeneous ideal 

X = 



-POI +P12 +Pl3' 
-P12 +P23> 



\ POIP23 + P03P12 + P02P3I / 

The relation: 

5poiP02P03Pl2P23P3l(P03i?12 + CP02P13) (P03Pl2 + C^P02Pl3) = 
= P0l(-P02 - P12 + P23) + Pi2{pll + P02 + P03)- 
-?'02(-P01 +P12 +P13) - {pIiPIz + {PmPl2 +P02PZlf) 

implies the existence of the following irreducible components of C4, each 

appearing with multiplicity 1: 

• 30 curves, corresponding to 30 cones in , one through each of the 
points of Biij, i,j G {0, ...3}; (recall that each B^ij is a union of 5 
points B^-, one for each fifth root of unity fj, =). One example of 
the prime ideal of one of these curves would be: 

^034 = {P03,P01 + W02,P31 + I^P32, -Pn + PI2 + P13) 

for C^34. 

• 2 other smooth irreducible curves: 

C4 given by the ideal: 

P03;'12 + ^P02Pl3 , POIP23 + ^^P02Pl3 , 

POI + P02 + P03 > -P0I+ P12 + Pl3 > -P02 - P12 + P23 



2 



Q given by the ideal: 

P03P12 + C^P02Pl3 , POIP23 + CPO2PI3 , 
P0I+P02+P03. -P01+Pl2+Pl3^ -P02-P12+P23 

These last two components will be part of Stxred- 
By working with the affine cover of principal open sets 
Uij = (pij / 0) of G(2,4), we can verify that these are all the irreducible 
components of C4, that they are smooth, they appear with multiplicity 1 and 
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the multiplicity of intersection of two components at a point of intersection 
is always 1. For example, on the afHne set Uqi, with coordinates 

' POl ' ^* POl 

for i G {2, 3}, the local equations of C4 are: 

1 + x| + x| = 

1 + yi + yi = 

xl-y2 + {x2y3 - Xzy2f = 



with 



xl-yl + {x2y3 - X3y2f = 
= + yl + vl) - yl{l + xi + xl)+ 

+5x2X3^2^3 (3^22/3 + ^X3y2){x2y3 + ^'^Xzy2). 
The components of C4 intersect at the following points: 

• 25 X 3 = 75 points I'lj^-^ ^^^.^ , corresponding to lines passing through 
points B^-^ and -B^^,4, with A;, /i} = {0,1,2,3}; each of these 
^(i'i) (hk) intersection of exactly 2 components: those coming 
from cones in with vertices B^-^, ^hki^ respectively, over the 
adequate quintic curves; 

• 25 X 4 = 100 points Z^'^, corresponding to lines inside the hyper- 

planc xi = 0, passing through points B';^-^, ^ikA ^jm (l^^re 
again {i,j,k,l} = {0,1,2,3}). Each of these 100 points lies at the 
intersection of 5 components of C4: C^-^, ^ik4^ ^jll^ ^1 • 

The above decomposition enables one to compute the Hilbert polynomials 
p^i{n) and Ps^{n) in G(2,5) C from successive sequences of the type 

Or^/{Ii nl2) Opg/Xi © Op9/X2 ^ Op9/(Xi +T2) : 

POp9/Xi(") +POp9/X2(?^) =POp9/(2:in2:2)H +POp9/(Xi+X2)H- 
Thus: 



m Pc%^ + Pci + ^c«' " (n) + 75 + ( 2 

fn 1 o Ql .. \ 



{i,j}C{0,l,2,3},iJ, 



100. 



(n) = 5n — 5, 

ij4 



since these curves embed in P^ as plane quintics. 

pc^{n) = 250n- 1375, 
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since C4 is a (5, 5, 5, 2) complete intersection in C P^. Thus 

1 
2 



Pcdn) = ^{250n - 1375 + 75 + 1000 - 30(5n - 5)} = 50n - 75. 



Scored = U (^lU^f) 
ie{o,...4} 

and each point Z^'^ is at the intersection of exactly 4 components (C^, , 

Cf and Q , where {0, ...,4:}\{i,j,k,l,h}). There are 250 such points when 
{i,j,k} C {0, ...,4}. These points will also be denoted by {-F';/j}/^/ie{o,...,4}) 
with s G {1, . . . 25}. In our example h = A. 

Notice also that none of the 375 points l'^.^^ ^^^^ in the base locus is con- 
tained in Scored- 

Thus 

Ps^r.»= E 2p^,(n)- r M 250 = 500n- 2250. 
ie{o,...4} ' ^ ^ 

Comparison with the formula for the Hilbert polynomial of the family 
{St)t in Proposition 4.4 shows that the fiber S^o must be embedded with 
multiplicity 1 inside the family {St)t- It also shows that there must be 
some embedded points in >Scio, which will give singular points of S. We will 
see shortly that these points are exactly {Pfj^ , thus each appearing with 
multiplicity 5 in iSoo- 

□ 

We now proceed with the description of the strict transform <S of »S: 

Theorem 8.3. The surface S is smooth. 

The fiber Soo is the stable limit of the family S at t = 00 and consists of 
two connected components and , which are isomorphic and reducible: 



4 

i 

i=0 



with Cf smooth isomorphic curves of genus 76, intersecting pairwise trans- 
versely at 25 points each. 

Proof. By examining the morphism p : G{2, 5) — > G{2, 5) locally, we will see 
that no fibers of the exceptional divisors are contained in S, that for each 
pair Q and Q , the two components are separated and p desingularizes <S. 
We will work over = Uqi £ G{2, 5). Looking at the restriction of p: 

(i?Z(0,o)A2)3 . A6 

one finds two types of affine charts, which after all possible permutations 
cover the entire Vqi: 
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(1) A® with coordinates {tij, yi}ig{2,3,4}) where the original coordinates 
{xi,yi}ie{2,3,4} on Uoi satisfy: 

Xi = UiUi. 

The exceptional divisor Ei = {yi = 0) and Ui is the coordinate along the 
fiber of the exceptional divisor over the corresponding component of the 
blow-up locus. 

(2) with coordinates {u2, y2, ^^3, 2/3, a^4, ^^4}- 

X2 = U2y2 , X3 = u^yz , 2/4 = X4V4. 

(2/2)5 (2/3) and {X4) give the exceptional divisors. 

Case (1) is closely related to the setup of Proposition 4.1. Indeed, in this 
local picture formula (4.1) becomes 

(p{a : (3) = {a : P : y2{u20i + /3) : yziu^a + 15) : yiiu^a + /?)) 

and thus by the same reasoning as in Proposition 4.1: 



/ U2 U3 Ui \ 




i=2 



/ f^o(n) \ 

TO^l(«) 
T0«2(«) 
V |^3(tx) / 



plus the separate equations 

(T5 + 1 = (To + 1 = 0, 
where the notations are the same as in section 4, except that in this case 

^ = (1*2:^3: 1x4) 

As before, one sees that the fourth row of the augmented matrix is just a 
linear combination of the others. After removing the exceptional divisors 
£^2, -E'3, -£'4, one is left with the irreducible surface S given by: 



0-5 + 1 = (Jo + 1 



0-2 



1 1 

-s\a\ = (J3 - -S2(Ti = 0. 



2 2 

Consider the intersection with the exceptional divisor £'4: Then 2/4 = and 
•^i ; <72 ; <73 satisfy in this case the identity: 

0"3 - {U2 + ^3)172 + U2U^(Jl = 

which in terms of the equations (8.1) is equivalent to: 



(Tl{u\ — U2US + ti|) = 



The conditions U2 = —^U3 and U2 = — C^U3, where ^^ + ^ + 1 = 0, give the 
direct transforms C4 and Q of Q and C4 . Notice that in this open set C4 
and C4 do not intersect, because condition (75 + 1 = excludes the case 
U2 = U3 = 0. Also, in this open set S contains no fibers in the exceptional 
divisor E4: such fibers would satisfy o"i = 0, which would also imply (T2 = 0. 
But these two equations in ^2, 1*3, 2/2; 2/3 have no common solutions with 
(75 + 1 = C70 + 1 = 0. 
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The intersection S D £4^0 immediately gives: 

yi = yA = 0, 2/2 = -M, U2 = -I' 
for two fifth roots of unity ^ and v. Also, (T2 — \si = becomes 

so in view of equations (8.1) and (8.2), one sees that C\ intersects C| at 25 
points given by 

y3 = y4 = 0, y2 = -fi, U2 = -V, U3 = ^'^v, m = 

and C3 intersects Q at 25 points given by 

= Va = 0, y2 = -/u, U2 = -V, Us = ^u, U4 = i'^v 

and these are all the points in 5 fl -E4 fl i?3. 

In the above, Q and Q have been fixed; after permutations, the appro- 

priate choices of notation for C? and C? can be made, by keeping track of 
the signatures of the permutations. In this way the set of components of 
Soo found thus far splits in two subsets and {Q }«, such that all the 

curves in one subset intersect pairwise transversely, but do not intersect the 
components in the other subset. The smoothness of S along the points of (Sqo 
is easily checked by differentiating equations (8.2) and using the conditions 
derived from (8.3). 

The only thing that remains to be checked is existence of fibers in the 
exceptional divisors, or intersection points for Q and C? in sets of type (2). 
Here equations (8.2) are written for 

Oi = uiy^ + uiyf + xlvi, 

So = V4, Si = {U3 + U3)V4: + 1, S2 = ^21X3^4 + U2 + U3, S3 = U2U3. 

A simple check following the lines of the previous computations shows that 
there are no extra intersection points, nor fibers in the exceptional divisors. 

□ 

The genus computation for Soo gives exactly: 

1250 = 2 • (5 • 75 + 250) 

Theorem 8.4. The action of the group G on G{2, 5) extends canonically to 
an action on G(2, 5), making the morphism 

p : (5(2,5) ^ G(2,5) 

G-equivariant. S/G is a smooth surface. The stable limit at w = oo of the 
family S/G is 

S^/G = {C^/G)[j{&"/G) 

where /G is the union of 5 smooth rational curves intersecting pairwise 
transversely. 
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Proof. Working locally over = Uqi E G(2, 5), and considering for G{2, 5) 
the local coordiantes set up in the proof of Theorem 8.3, it is not difficult 
to derive the action of G on G{2, 5): If 

g = (l : m : H2 ■■ fi3 ■■ e G 

and {1} S G(2, 5) is the line passing through (1 : : X2 : X3 : X4), (0:1:2/2: 
2/3 : 2/4), then 

g — fJ-iXi, 

9*{yi) = f^iVi/fj-i, 

and since Xj = Uii/i, it follows that 

g*{ui) = mm 

for all i € {2,3,4}. 

Recall from Theorem 5.2 that 5/G is smooth. The proof that all points 
of Soo/G are smooth m. S /G follows the same argument as in the proof of 
Theorem 5.2. A general point of C|, for example, has an order 5 isotropy 
group, generated by an element of the form (1:1:1:1: ^u), with fi^ = 1. A 
point in C4 H C3 has an order 25 isotropy group, generated by two elements 
of the form (1:1:1:1: ^), (1 : 1 : 1 : : 1), with /x^ = 1. Each of these 
elements of g gives a pseudoreflection of 5, because the set of points in S 
fixed by it is the divisor Q UC| , C3 UCg respectively. Again following |STj . 
<S/G is smooth. 

The Hurwitz formula for the genus g' of Ci/G: 

2(76 - 1) = 125 • {g' - 1) + 100 • 4 

implies g' = 0. The 25 points of C^dC^ are all in the same orbit, thus giving 
one point in the quotient. Notice that the above numbers sum up to a total 
genus of 6 for C^/G. □ 

9. The class [S] on G(2,5) 
Let -F(l, 2, 5) denote the flag variety 

F(l,2,5) = {(x,[/])/[/] GG(2,5),xe/} 
with the natural morphisms: 

F(l,2,5) 

G(2,5) 
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and consider the induced diagram 

U V 

s 

where lA is the pull-back of F{1, 2, 5) on S and V = p{U). 

Here we will use the incidence variety / and the description of its compo- 
nents from Section 8 to compute the class [S] of S in the cohomology ring of 
the Grassmannian, and the degree of V as threefold in P^. The method is to 
compute the class of each component of / and then eliminate the irrelevant 
components to get S. Recall that / comprises: 

(1) 50 components, each of which consists of lines in a cone over one of the 

Bi -s and having as vertex one of the points in Sjjfc, 

(2) 15 components, each of which consists of lines intersecting two of the 
curves Bij and B^i, 

(3) 10 components, each of which consists of lines intersecting one Bij and 
Bk and Bijmd B^ (but in general not B^i, B^h or Bih, nor Bijk Biji or 
Bijh), (4) S. 

Lemma 9.1. Let I be given in the Grassmannian G(2, 5) by the ideal 

4 

^= C^Pij)i€{i,...A}- 

j=0 

Then all the 2- dimensional components of I appear with multiplicity 1 in 
the ideal I. 

Proof. The proof of Proposition 8.1 implies the present lemma for those 
components of / contained in one of the Grassmannians Gi{2, 4). In partic- 
ular, <S appears with multiplicity 1. Consider now the ideal I localized on 
Uqi = (poi ^ 0), with the usual coordinates {a^i, yj}je{2,3,4}- The generators 
of X: 

/i = 1 + xi + + 4, 

/2 = 1+2/2+2/1+2/4, 

fz = x\-y\^ {x3y2 - X2yif + {x^yA - XAy^f , 
fi = xlyQ - x\yl + {xiy2 - X2yAf + (X42/3 - x^yif. 
satisfy the following relations: 

(9.1) /3 = 5x32/353 + xi/2 - yf/i 

(9.2) /4 = 5X4^454 + 4/2 - 2/4/1 
where for fc} = {2,3,4}, 

93 = PijPljPfjXiyi - PjkP%pfkXkyk, 

Pij ~ Xiyj Xjyi, p— = Xj2/j + ^Xjyi, p- ■ = Xiyj + ^ xjyi , 
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with + ^ + 1 = 0. Relations 9.1 and 9.2 highlight the existence of 2- 
dimensional components of the type: 

ixi,yj,fi,f2), {xi,xj,fi,f2), {yi,yj,fi,f2), 

{Pij,Pjk,Pki, fl, /2), {Pij,Pjk^PkiJl, h) 

for /c} = {2,3,4} A straighforward exercise shows that these compo- 
nents also appear with multiplicity one and they cover all types (l)-(3) of 
components written above. □ 

For computations in the cohomology ring of G(2, 5), we will use the fol- 
lowing Schubert cycles: (T(^ax,a2) class of {/| dim(/ n Va-a^+i > i}, for a 
fixed flag Vi C F2 C Pi 

Proposition 9.2. 

[5] -3(722 + 5=^ -2(731. 

Proof. The different types of components of / mentioned above give the 
following cycles: 

(0) [/] corresponds to the cycle of lines intersecting 4 quintic surfaces in P^: 

[7] =5V = 5^ -2(722 + 5^ -3; (731 

(1) [Ii] corresponds to the cycle of lines contained in a cone over a quintic 
surface: 

[Ii] = 5(731 ; 

(2) [I2] corresponds to the cycle of lines intersecting two plane quintic curves: 

[h] = 25(7|o = 25((722 + C73l); 

(3) the cycle of lines intersecting a degree 5 plane curve and two degree 
5 surfaces consists of [I^] together with 3 copies of [12] and 15 copies [7i] 
(again, coming from the geometry of the base locus B). Thus: 

[73] = 125(7^0 • (720 - 3 • 25((722 0-31) - 15 • 5(731 

= 125((7ii + (72o)<T20 - 75((722 + CF?.l) " 75(731 = 
= 125(2(731 + (722) - 75((722 + 0-31) - 75(731 = 
= 100(731 + 50(722 

Finally, 

[S] = [I] - 50[7i] - 15[72] - 10[73] = 53 • 3(722 + 5^ • 2u^i. 

The degree of the surface <S in P^ is thus: 

deg{S) = [ al-[S] = b\ 

VG(2,5) 

□ 

Proposition 9.3. The locus V covered by all the lines inside the Dwork 
pencil is a degree 250 threefold in P^. 
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Proof. Recall the morphisms 

F(l,2,5) — ^ P4 

G(2,5) 

Let H = p*C>p4(l). The degree of V is: 

deg{V)= [ q*[S]-H\ 

Jf{1,2,5) 

By projection formula and the identity q^:{H^) = a^'- 

deg{V) = (5^ • 3(722 + 5^ • 2^31) • as = 250. 

□ 

Proposition 9.4. For each i £ {0, ...,4}, there is a finite, 30-1 morphism 

S > B, 

having 1-dimensional fibers over points of the type 

(1 : -1 : : : 0), (1:^:^^:0:0) 

and their orbits through the actions of G and of the group of symmetries S^, 
and branched over points of type 

(xo : zi : X2 : : 0) 

with Xq + + X2 = (and their orbits through the actions of G and S^). 

Proof. There is a well defined morphism from the blow-up of G(2, 5) along 
Gi(2,4) to the hyperplane Hi in P^:if we think of this blow-up as sitting 
inside F(l,2, 5), then the morphism sends the pair (x, [Z]) G F(l,2,5) to 
I r\ Hi \i I is not contained in ifj, or to x if Z C Hi. The image of the strict 
transform of «S through this morphism is exactly the Fermat surface -Bj. 
Hence the morphism 

S Bi. 

To compute the degree of (^j, set i = and consider a generic point x of 
Bq. Consider the projection of vertex x down to H^ and count the points 
where the images of the surfaces Bi and B2 intersect B/^. There are 125 such 
points: the projections of the 125 lines having contact with each of i^o, Bi, 
B2 and B4 and therefore with B3 also. Now we count how many of these 
lines are in components of type (l)-(3) of /: the 6 curves Bij with i,j ^ 
give 150 lines through x, that intersect Bij and the other B^-s. However, 
the lines through the 20 points of Bijk, {i,j, k ^ 0), have been counted three 
times in this process. By adjusting: 125 — 150 + 2 • 20 = 15 hues. 

There is another special set of lines, which have been counted twice: 
lines through x and intersecting two curves Bij and B^i with {i,j,k,l} = 
{1, 2, 3, 4}. Indeed, lines intersecting Bij and B^i automatically intersect Bq 
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and by dimension count, the points of intersection with Bq of all such lines 
cover the whole Bq. For each choice of pairs and {k, I), there are 5 such 
lines passing trough x, since the projections of the planes (xj = Xj = 0) and 
{xk = xi = 0) to the hyperplane H4 intersect each other and B4 in 5 points. 
A total of 15 lines has thus been counted twice. Adding up, one obtains 30 
lines through x which are in the universal family U. 

The special fibers of the morphism ipi occur at the special lines studied: 
those in Sq and the Van Geemen lines. □ 

Let Vt = p^q*{St), for any t G P-*^. Vi is a degree 500 surface in P^, as can 
be easily checked either at t = or t = 00. 

Notice that by our computations, V f) Xt = VtU (Ui=o-^«) ^ reduced 
surface of degree 250 • 5 = 1250. As expected, each of the 5 surfaces Bi 
appears with multiplicity 30 in V H Xt: 

1250 = 500 + 30 • 5 • 5. 

Remark 9.5. In unpublished work, G.Pacienza has studied the 
2-dimensional locus of points where lines intersect a generic quintic threefold 
X with multiplicity at least 5. He has shown that this locus has degree 650. 
li X = Xf is one of the quintics in the Dwork pencil, one can now state 
that the above locus is reducible to the degree 500 surface Vt and the 5 
components of the base locus of X, each appearing with multiplicity 6. This 
is also in agreement with the numerical results of section 9. 
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